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Research that has led to writing the equation of state of an open system containing water in an electric field
and to prediction of a related phase transition at the same time as its experimental discovery was announced,
is reviewed. X-ray and neutron scattering, dielectric, picosecond photothermal/photoacoustic, thermal and
electrochemical measurements contribute to our understanding of these phenomena and are discussed from
a unique point of view. New theoretical results are presented and compared with experiment.
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1. INTRODUCTION

For more than a decade there has been growing experimental evidence of phase transi-
tions of molecular layers of liquid water to dense solid phases under the action of a
strong electric field at ambient conditions [1,2]. To our knowledge, the first evidence
of transitions of liquid water to possibly different phases in high electric fields at ambi-
ent conditions is due to Kasinski et al. [1]. By optical excitation of surface acoustics they
have found ‘‘evidence for a liquid–solid phase transition at the highly polar TiO2

surface, i.e., a rigid layer of H2O at the TiO2 interface’’. This line of research was
later followed by Harata et al. [3] who performed hypersonic investigation of picosec-
ond photothermal/photoacoustic phenomena at the Au–aqueous electrolyte interface.
Their results obtained by transient grating spectroscopy methods were interpreted in
terms of potential-dependent (actually field-dependent) enhancement of water density.
Very recently, by off-specular X-ray scattering technique, it was possible to reveal phase
transitions in water layers compressed vertically to the surface of an RuO2 charged
electrode [2] by fields of the order of 109Vm�1. This observation had been preceded
by specular X-ray investigation [4,5] of water at a charged Ag electrode, which revealed
water layers polarized and compressed to a density as high as twice the normal one. The
latter observation has been explained qualitatively by the authors [4,5] and later quan-
titatively by the authors of this work [6] as due to electrostriction. Note that field
strengths leading to high density of H2O can be found also in the first hydration
shells of some ions [4]; hence, the latter problem has been treated on an equal footing
[7] with that of polar interfaces. An enhanced density was also observed in the vicinity
of protein molecules [8]. These observations gave an incentive to a theoretical approach
to the problem of phase transitions in water under the influence of electric field. It
comes out from the nature of the present problem, which involves electrostriction
[4,5], that it should be treated in terms of open systems [6,9].

In this article, on the basis of the equation of state written for an open system of
H2O molecules in a local electric field, we review the problem of phase transition in
the field from a unique point of view. Related experiments belong to different domains
of investigation such as laser irradiation and detection, X-ray and neutron scattering,
electrochemistry and physical chemistry of biomolecules. Within the same approach,
we deal with problems of dielectric saturation (�), huge electrostriction (d ), large
electrocaloric effect (�Q), properties of molecular H2O layers at charged electrodes
and hydration of ions and protein molecules.

The rest of the article is organized as follows. The next section is concerned with the
formulation of the condition for thermodynamic equilibrium between parts of the
system of H2O molecules within the electric field and outside it. It serves as a basis
for writing the equation of state. This is done with the help of a statistical model
describing the response of H2O electric dipole moments to the field. Literature data
on isotherms under high pressure (in no field) have been applied. This model enables
one to calculate, for instance, the changes in entropy (electrocaloric effect).
Discussion of the entropy changes and the equation of state leads to a prediction of
a phase transition due to the action of electrostriction pressure. The following
section, devoted to a comparison with experiment, begins with a presentation of an
overall picture of hydration shells of ions and molecular layers at charged electrodes
in terms of two different phases. This is confronted with results of various experiments:
X-ray and neutron scattering, latent heat at the transition and optical excitation of
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surface acoustic modes. Also, the problems of hydration of proteins in solutions are
discussed. At last, we include remarks on the theoretical methods applied, draw some
perspectives for further investigation and end with conclusions.

2. WATER IN OPEN SYSTEMS – RESPONSE TO HIGH ELECTRIC FIELD

2.1 The Equilibrium Condition as a Basis for Writing the Equation of State

Within the present approach we consider the water placed in a local high electric field
(Fig. 1, subsystem i) that is the water in the double layers at charged surfaces and that
in hydration shells of ions (cf. [6,7] and references therein). It forms a common
system with the remaining water (Fig. 1, subsystem o) localized in a weak field or out-
side the field. The thermodynamic law describing the state of the whole system is
the equilibrium condition with respect to the mass transport between the regions
within and outside the field. It follows from the condition of equality of the chemical
potentials � (cf. [10,11]):

�i ¼ �o: ð1Þ

For the fields of the strengthsE>109Vm�1 the mean cosine hcos �i is>0.99 [12], which
means that very strong electric fields produce a dielectric saturation phenomenon. Models
of the dipole orientation contribution and effects of dielectric saturation were already
earlier treated in the context of metal–electrolyte interface ([13], p. 119 therein) and
in the context of the hydration shells of ions ([14], p. 142 therein). The subsystem i
(Fig. 1) represents an open system: the number of dipolar molecules vary as the dipoles
are pulled from the subsystem denoted by o, exterior to the field into the field. This is
accompanied by a huge electrostriction. The effect of striction corresponds to that of
local pressures of the order of gigapascals and leads to enhancement of the local relative
density d ofH2O. The application of an electric fieldE>109Vm�1 toH2O also produces
a large electrocaloric effect. The corresponding change in the energy of the system is
compensated in isothermal conditions by a heat flow from outside. The large isothermal
electrocaloric effect must be taken into account, e.g., in the energy balance during disso-
lution of salts in water [15]. We shall present a theoretical evidence that H2O at ambient
conditions in a field of a strength taking the values from the range 0.77<E<1.36
(109Vm�1) (cf. Table I) undergoes a phase transition to a dense and orientationally
ordered phase of H2O at a transition value �t¼ 0.2GPa of the local electrostriction
pressure [16]. The transition is accompanied by a latent heat as well as discontinuities
in entropy and electric field. Hence, one can expect the appearance of a dense and

FIGURE 1 A thermodynamic system divided into subsystems: i situated in a high electric field E and o
in the field E! 0, schematically.
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orientationally ordered phase, which will be called phase A of H2O for fields of strength
E>1.36 (109Vm�1). Note that such fields exist also the in first hydration shells of ions
with reduced radii x1<2.154 Å and in Helmholtz layers at surfaces with surface charge
density �0>0.012Cm�2 (cf. Table I). The condition x1<2.154 Å is fulfilled for triply
and quadruply charged ions, for the majority of doubly charged ions and for Liþ. As
we shall see, H2O in the first hydration shells of these ions can be interpreted in the frame-
work of our approach as belonging to a dense and orientationally ordered phase A. The
surface charge density �0>0.012Cm�2 is encountered in X-ray investigation of charged
solid–water interface [2,4,5]. The �0 value in [1] for the TiO2–water interface should also
fulfill this inequality.

A high electric field E performs a work W by reorienting a water molecule placed in
it. At the same time, the chemical potential is reduced by �W with respect to that of a
molecule outside the field. To attain an equilibrium, the chemical potential gradient
thus created induces the pull of the dipoles into the field. We are interested in a new
equilibrium state with water density increased in the high field (say, in the first hydra-
tion shell of the ion, or in a double layer) due to this process. The work L related to
water compression in the field – the electrostriction work – enhances the chemical
potential of water by �L. After reaching the equilibrium, the latter compensates the
negative increment �W:

��W ¼ �L: ð2Þ

With the electrostriction effect as a connection between the mechanical (mass density)
and electric (electric field strength) quantities, and the experimental X-ray data of [4,5]
at hand, there arises a possibility to find the electric characteristics of the first layer
of molecules (and possibly ions) at the electrode. This has been done in [17] profiting
from the fact that the mass density – surface charge density relationship was derived
previously in [6].

2.2 A Statistical Model of Water Permittivity

To relate the electric permittivity � with the dipole moment � of a molecule one applies
a statistical mechanical calculation leading to hcos �i – the mean cosine [18,19] of the
angle �. Usually, hcos �i is expressed by the Langevin function [20,21], which leads to
correct predictions of the dielectric constant values for polar liquids with no hydrogen
bonds. In the linear approximation,

hcos �i ¼
�Eon

3kT
, ð3Þ

TABLE I Lower and upper values of the electric field strength
E, change in entropy ��S, permittivity �, reduced distance x
and free charge surface density �0 at discontinuity

E (109Vm�1) 0.77 1.36
��S (Jmole�1K�1) 1.90 0.97
� 38 22.8
x (10�10m) 2.217 2.154
�0 (10

�3 Cm�2) 6.8 12.0
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where Eon is the Onsager local field [18,19]. The Onsager field approximation [18,19] is
up to the present [22] considered as one of the best in application to classical dipole
systems. Its application, as will become clear in the following, is by no means limited
to uniform weak fields, contrary to a remark by Sandberg and Edholm [23]. Let us
also point out that there exist microscopic approaches to the Onsager field problem
based on statistical mechanics [24,25] not invoking the notion of a continuum. This
is also the case in the domain of magnetism ([26] and references therein).

Equation (3) for hcos �i does not hold for liquids with hydrogen bonds. For water, at
ambient conditions, to achieve agreement with experiment, hcos �i has been expressed
[6] by a Brillouin function [20,21]

B2ð�Þ ¼ tanhð�Þ, ð4Þ

� ¼
�Eon

kT
ð5Þ

corresponding to two admitted orientations of the dipole moment and then, in the
linear approximation [27,28], hcos �i ¼ �Eon=kT ¼ �. The plot of Fig. 2 illustrates
the different behavior of hydrogen-bonded and other liquids. It is replotted
from Cole [29] with a straight line added, marked ONSAGER(2) to stress the two

FIGURE 2 Electric permittivity � of dipolar liquids as a function of N�2/(3V�0kT). Circles denote
experimental data, the straight lines – values of " calculated on the basis of the Onsager theoretical model:
Onsager(1) – calculated on applying Langevin function (with any orientation of dipole moment possible).
Onsager(2) – calculated an applying the Brillouin function for only two possible orientations of dipole
moment (see text). After [29] with the straight line denoted Onsager(2) added by one of the present authors
(cf. [12]).
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allowed orientations of the dipole when calculating hcos �i within the Onsager model,
but with the Brillouin function B2 for hydrogen-bonded liquids instead of the usual
Langevin function. The latter case results in the straight line marked ONSAGER(1)
to stress the infinite number of allowed dipole orientations which applies to the
ordinary dipolar liquids. Figure 2 makes it clear that the duly modified Onsager
model provides a good description of the dielectric properties of liquids associated by
hydrogen bonds. The external field E is related to Eon as follows (cf. [19], Eq. (5.52),
p. 175 therein):

Eon ¼
� ðn2 þ 2Þ

2�þ n2
E: ð6Þ

For the flat geometry of the spatial distribution of the charges generating the field E
we have

E ¼
�

��0
and � ¼ ��0: ð7Þ

Substituting Eq. (7) to Eq. (6) we get

Eon ¼
n2 þ 2

�0ð2�þ n2Þ
�: ð8Þ

Equation (8) can be applied to different geometries of the spatial charge distribution,
which will be encountered in the following, by a proper definition of �.

For the spherical geometry E represents the Coulomb field

E ¼
q

4���0x2
, ð9Þ

where q is the elementary charge and we have

� ¼
q

4�x2
: ð10Þ

A flat geometry is represented by the shape of the electrode [6]. The spherical geome-
try is encountered in the ion hydration problem [7]. Equation (9) implies infinite dilu-
tion – the field strength depends only on the distance from the center of a single ion.

In the framework of such an approach the reorientations of dipoles responsible for
the high dielectric constant of water and ice, can be thought as due to simultaneous
shifts of the proton positions, as first suggested by Pauling [28]. The two possible orien-
tations (I¼ 2) of water molecules linked by hydrogen bonds at room temperature are
illustrated, very schematically, in Fig. 3(a). At room temperature, the hydrogen bond
energy (20–25 kJmole�1) exceeds the thermal energy RT (� 2.5 kJmole�1) by a factor
of about ten. Hence, the very concept of two possible orientations of water dipoles
at ambient conditions seems to be justified. It is also corroborated by the agreement
of theoretical predictions [30] of the nonlinear dielectric effect in water with experiment
[31,32]. At very high temperatures, in which the thermal energy becomes comparable to
the hydrogen bond energy (T� 3000K, RT� 25 kJmole�1) the hydrogen bonds should
be broken (cf. Fig. 3b) and dipoles could rotate freely (I¼1), which induces a behavior
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described by the Langevin function L(�). In this context it is natural to seek for an
interpolation scheme between the two extremes of tanh�, corresponding to I¼ 2,
and L(�), corresponding to I¼1, which represent the upper and lower bound of
hcos �i, respectively. It is conceivable that in the intermediate temperature range part
of hydrogen bonds are disrupted, which can be thought as leading to an intermediate
number I of probable directions of the dipole moments lying between the two extremes:
2<I<1.

The value of hcos �i for an arbitrary number I of orientations of a dipole is expressed
by the Brillouin function [20, 21]

BI ð�Þ ¼
I

I � 1
cot h

I�

I � 1
�

1

I � 1
cot h

�

I � 1
, ð11Þ

where � is defined in Eq. (5). The Brillouin functions are known in the physics of
magnetism, similarly as the Langevin function L(�) introduced for the first time in
the theory of paramagnetism. The form of L(�) is obtained from the Brillouin function
BI (�) in the limit I ! 1. For small values of the argument � the function BI (�) can
be expanded into the power series:

BI ð�Þ ¼
I þ 1

3ðI � 1Þ
��

I 4 � 1

45ðI � 1Þ4
�3 þ � � � � bðIÞ�� cðIÞ�3 þ � � � ð12Þ

The coefficient b(I ) and the mean number of orientations I of the dipole moment are
interrelated as (cf. Eq. (12))

bðIÞ ¼
I þ 1

3ðI � 1Þ
, ð13Þ

FIGURE 3 (a) Water molecules (at ambient temperature) linked with hydrogen bonds, schematically.
Arrows mark their dipole moments �. Reorientation of the dipole moments � is due to the simultaneous
shifts in the proton positions. The figure illustrates the fact that in such systems only two orientations of a
dipole moment are allowed (I¼ 2). (b) Freely rotating water molecules at very high temperatures (see text),
schematically. Their dipole moments � can take arbitrary orientations in space (I¼1).
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or inversely

I ¼
3bþ 1

3b� 1
: ð14Þ

The relation between the permittivity � and the electric field strength is, according to the
Onsager field model expressed as (cf. [33]):

�� n2

�
¼

NB

�V
hcos �i, ð15Þ

where

B ¼
�ðn2 þ 2Þ

3
¼ 7:59� 10�30 Cm, ð16Þ

hcos �i ¼ BI ð�Þ ð17Þ

and for I ¼ 2

hcos �i ¼ tanhð�Þ: ð18Þ

From Eqs. (8) and (5)

� ¼
�A

Tg
, ð19Þ

where

g ¼ �þ
n2

2

� �
, ð20Þ

A ¼
�ðn2 þ 2Þ

2k�0
¼ 9:32� 104 KC�1 m2: ð21Þ

For I¼ 2, omitting the notation (Eqs. (16) and (21)) aimed at simplifying the formula
and taking into account Eqs. (18) and (19), Eq. (15) and can also be written as:

�� n2

�
¼

�ðn2 þ 2ÞN

3��0EV
tanh

��ðn2 þ 2ÞE

2kTð�þ n2=2Þ
: ð22Þ

Permittivity � of H2O as a function of the reduced distance x is plotted in Fig. 4 for
T¼ 293K. The supplementary abscissa axes show field strength E and surface charge
density �0 corresponding to the related values of x (cf. Eqs. (7) and (9)). Yet another
relation of the permittivity as a function of � is given in Fig. 5.

Relations �(E ) leading to plots similar to those shown in Figs. 4 and 5 have been
known in literature for a long time: Grahame relation [34,35] and that proposed by
Glueckauf [14,36]. However, it should be stressed that both formulas: that due to
Grahame as well as that proposed by Glueckauf do contain adjustable parameters
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FIGURE 4 Permittivity � as a function of the reduced distance x from the ion. 164 points marked represent
pairs (�, x) fulfilling Eq. (15) at T¼ 293K. Two different fitting polynomials: one for the range 1<x<2.2 Å
and another one for the range 2.15<x<4Å are explicitly written. The supplementary abscissa axes show field
strength E and surface charge density �0 corresponding to the related values of x.

FIGURE 5 Permittivity � as a function of the surface charge density �. The points marked represent pairs
(�, �) fulfilling Eq. (15) at T¼ 293K. Two different fitting polynomials of 6th order in �: one for the range
0<�<0.276 (Cm�2) and another one for the range 0.276<�<0.5 (Cm�2) are explicitly written. A linear fit is
shown for the range 0.5<�<1.1 (Cm�2).
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that affect the dependence of permittivity � on the number density N/V and absolute
temperature T. By contrast, our Eq. (22) does not contain adjustable parameters. It
is a formula expressing the dependence of permittivity � explicitly on electric field
strength E (or reduced distance x), number density N/V and absolute temperature T.
Thus, it can serve as a basis to calculate the derivatives ð@�=@NÞ (needed to find the
change in chemical potential �W due to electric field, and further on – the electrostric-
tion) and ð@�=@TÞ (needed to find the entropy and further on – the value of the electro-
caloric effect). To our knowledge, apart from the Eyring’s theory [27], this is the only
parameter-free formula of this kind in literature. The possibility to calculate these deri-
vatives on the basis of Eq. (22) enables one to further calculate the electrostriction
pressure and entropy needed to find the value of the electrocaloric effect, with no fitting
at all.

The numerical value b(I )¼ b(1)¼ 1/3, in the theory of permittivity based on the
Onsager model of local field Eon, follows from the assumption that all orientations
of the dipoles are allowed (I¼1), and one arrives at the expression for the dielectric
constant (cf. [19], Eq. (5.67), p. 178 therein):

3ð�� n2Þð2�þ n2Þ

�ðn2 þ 2Þ2
¼

1

3

�2N

�0VkT
, ð23Þ

where 1/3¼ b(1). According to our proposed interpolation scheme [33], for small
electric fields, starting from the Brillouin function instead of the Langevin function,
one arrives (cf. Eq. (12)) at an analogous expression for the dielectric permittivity �
containing the factor b(I ) instead of 1/3 present in Eq. (23):

3ð�� n2Þð2�þ n2Þ

�ðn2 þ 2Þ2
¼ bðIÞ

�2N

�0VkT
, ð24Þ

The numerical value of b(I ) can readily be found from Eq. (24) provided that the other
quantities, and in particular the dielectric constant � at a given temperature T and
number density (depending on pressure P), are known from experiment. Note that
b(I ) must fulfill the inequality:

1

3
� bðIÞ � 1: ð25Þ

The empirical fact that the low-field dielectric constant data do indeed lead to the
values for the coefficient b(I ) fulfilling the inequality (25) confirms the possibility of
application of our interpolation scheme. If the experimental data are such that b(I )
bears values leading to noninteger values of I (cf. Eq. (14)), the function BI (�)
should be treated as defined by Eq. (11). In [33] we have given b(I ) values for
293<T� 573K, which enabled us to find a correlation between the temperatures at
which destroyed hydration structures [37] and the melting line of H2O were observed.
The idea of varying the mean number of orientations of dipole moments of H2O mole-
cules with temperature, applied in [33] was developed by Eyring [27] in the context of a
mixture (two species) model of water. The concept of introducing the factor b(I ) as a
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parameter has been in another context proposed in [38] in connection to the permittivity
of alcohols in nonpolar solvents.

In the following, we shall write the thermodynamic equation of state and calculate
changes in entropy as well as the electrocaloric effect under the action of an electric
field. To this purpose, we shall need the derivatives ð@�=@�Þ, ð@�=@NÞ and ð@�=@TÞ,
which will be obtained from Eq. (22) in a way similar to that given in [6,15].

@�

@�

� �
�L

¼
�2Vðn2g2 þ ðNoAB�2=TVðcosh�Þ

2
Þ

NoB�2gðA�=Tðcos h�Þ
2
� g tanh�Þ

ð26Þ

and

@�

@N

� �
y

¼
B�2g2 tanh�

V�ðNoAB�2=TVðcosh�Þ
2
þ n2g2Þ

: ð27Þ

From Eq. (22) expressing the permittivity � as a function of temperature T, the deriva-
tive @�=@T is found for various field strengths. After some algebra one arrives at the
formula:

@�

@T

� �
y, �L

¼
�� n2

Tð1� �Vn2Þ
þ

@n

@T

� �
2n½�� 1� �V�ð�þ 2Þ�

ðn2 þ 2Þð1� �Vn2Þ
� �p

�V�ð�� n2Þ

1� �Vn2
, ð28Þ

where

� ¼
6k�0NTg2

½3�Vð�� n2Þ�2 � ½N��ðn2 þ 2Þ�2
: ð29Þ

� is given by Eq. (7) and �p is the thermal expansion coefficient. The values of �p were
taken from [39]; For local electrostriction pressures exceeding 108 Pa we applied the
values of �p extrapolated from the data of [39]. The expression ð@�=@TÞ obtained
from Eq. (28), is shown in Fig. 6 as a function of x. In the following it will be shown
that Eq. (28) shall serve as a basis for calculation of entropy changes and the electro-
caloric effect. The electrocaloric effect accompanying the changes in entropy of water
in the field of ions is the subject of [15], where consistency with the experimental results
obtained by electrospray method [40] as well as a density functional calculation [41] is
discussed.

2.3 The Equation of State of H2O Expressed in the Variables T, �, E

The advantage of an equation of state based on thermodynamic principles is that, by
definition, it is applicable to all substances: solid, liquid or gas [42]. Balcerzak derived
a rigorous equation of state for a system in magnetic field [43] in a way analogous to P,
V, T systems dealt with in [42]. In this work, we show that another thermodynamic
relationship describing open systems in electric field leads to an equation of state in
T, �, E variables.
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We apply this equation to H2O. More specifically, it shall be demonstrated that a
calculation of the work W done by the electric field on a system of dipole moments
and the work L related to compression – the electrostriction work – leads to an equa-
tion of state expressed in the variables T, �, E. Equation (43) below (obtained from a
detailed form of Eq. (2)) allowing calculation of some parameters of the system from
the values of other parameters is the equation of state. In [16,44] it is shown that the
same equation that relates electric quantities to the mechanical ones implies the exist-
ence of a phase transition: normal water! compressed H2O. Let us recall that very
recently new X-ray data on the RuO2–water interface were interpreted as evidence of
phase transitions in water monolayers in a high electric field via changes in the chemical
potential [2]. A possibility of a phase transition in water at a charged surface has been
indicated already in the eighties on the basis of thermal effects accompanying the pro-
cess of charging a mercury electrode [45].

Having in mind our aim of writing an equation of state, let us first calculate the
change in the chemical potential �W (cf. Eq. (2) and [6,7]). The strength of the field is
given by Eq. (7). The work W done by the electric field is [6,7]:

W ¼
V

�o

Z y

0

�

�
dy, where y ¼ � 1�

1

�

� �
: ð30Þ

V¼ const is the volume of the subsystem i in the field, Vdy is the increment of the
polarization of the subsystem. The increment of the grand potential � is:

d� ¼ �S dT þ EV dy�N �L: ð31Þ

Let us introduce the notation

f ¼

Z y

0

�

�
dy: ð32Þ

FIGURE 6 Negative derivative �ð@�=@T Þ (Eq. (28)) as a function of the reduced distance x from the ion.
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The work W performed leads to a change �� in the value of the grand potential � of
water

�� ¼
V

�0
f : ð33Þ

For �W – the change in � as a result of the work W one obtains

�W ¼
@�

@N

� �
T ,V, �L

ð34Þ

The increment

�W ¼
voNo

�o

@f

@N

� �
�L

: ð35Þ

It follows from Eq. (35) that

�W
vo

¼
1

�0

@f

@y

� �
@y

@�

� �� �
�L

No @�

@N

� �
y

, ð36Þ

where

@f

@y
¼

�

�
, ð37Þ

and

@y

@�
¼

@�

@�

� �
1�

1

�

� �
þ

�

�2
: ð38Þ

The derivatives ð@�=@�Þ and ð@�=@NÞ from Eqs. (36) and (38) are given in Eqs. (26) and
(27). They can be applied at relatively low temperatures (close to the melting tempera-
ture; this includes the ambient temperature). In the hydration shells and double layers
the strengths of the electric field are so high that the linear approximation to hcos �i is
no longer sufficient, and the mean cosine has to be expressed by the full tanh function.
The relation between the permittivity � and the electric field strength E is expressed by
Eq. (22). Figure 7 shows the values of � �W/vo as a function of reduced distance x. In
the insert to Fig. 7 there is apparent a kink in the plot at ��W=vo ¼ 0:17� 109 Jm�3

near the value of the argument x¼ 2.2 Å. In the following it will be argued that this
kink is related to a phase transition due to the local electrostriction pressure �t.

Let us now turn to the change in the chemical potential �L due to the compression
work L which, according to Eq. (2) shall compensate �W. The compression work
L is calculated (cf. [6,7]) by integrating the area under the isotherm V¼V(P) with
P – pressure:

L ¼

Z Pi

Po

VðPÞ dP: ð39Þ
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The change in the chemical potential �L due to this work is

�L ¼
@

@N

Z Pi

Po

VðPÞ dP ¼

Z Pi

Po

vðPÞ dP: ð40Þ

One can re-write Eq. (2) in the form

�
�W
vo

¼
�L
vo

, ð41Þ

which, taking into account Eqs. (36) and (40), is the same as

�
No

�o
@f

@y

� �
@y

@�

� �� �
�L

@�

@N

� �
y

¼
1

vo

Z Pi

Po

vðPÞ dP: ð42Þ

The integrals on the right hand sides of Eqs. (40) and (42) have been found by substi-
tuting the room temperature isotherms of water in the liquid, ice VI and ice VII phases
under pressure P in the absence of field [46–48] V¼V(P). The upper integral limit
(Pi, see Eq. (40)) was matched so as to fulfill Eq. (42). This is equivalent to putting
the pressure value Pi in the field equal to the local electrostriction pressure value �:

�
No

�o

@f

@y

� �
@y

@�

� �� �
�L

@�

@N

� �
y

¼
1

vo

Z �

Po

vðPÞdP, ð43Þ

FIGURE 7 Variation in the chemical potential of water molecules �W per volume vo, due to the work done
by the electric field, as a function of the reduced distance x from the centre of an ion. Insert reproduces a part
of the plot on an expanded scale. In the insert there is apparent a kink in the plot at � �W/vo¼ 0.17� 109 Jm�3

about the value of the argument x¼ 2.2 Å.
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In this way, it is admitted that the external pressure applied without electric field would
produce water compression comparable to that due to the local electrostriction pres-
sure. It introduces an approximation. Its validity has been positively judged a posteriori
in [6]. The values of �L/v

o thus found are shown in Fig. 8 as a function of pressure
Pi

¼�. Note that a similar approach can be found in literature, e.g., a neutron scatter-
ing experiment with isotopic substitution on a 10M NaOH solution was said to
‘‘indicate that ions in aqueous solutions induce a change in water structure equivalent
to the application of high pressure’’ [49].

We have stated that Eq. (43) represents the equation of state of H2O in implicit
variables T, �, and E. Dependence on temperature is present through the relation
�¼ �(T ) as expressed in Eq. (22) and by introducing of the isotherm V¼V(P) for
the same temperature T, for which � is calculated into Eq. (43). The electrostriction
pressure �¼Pi. The dependence on the electric field strength E is present in Eq. (22),
too. We have dropped the subscripts T and V in Eqs. (26), (27), (35), (36), (42) and (43),
keeping in mind that isothermal and constant volume conditions are assumed through-
out this work.

2.4 Change of Entropy �S in the Field E: Electrocaloric Effect

In addition to electrostriction, the field E induces also a change in the entropy of the
system �S [10,11,15,19]. The entropy change in the process of water adapting itself
to the high field conditions is:

�S ¼
@

@T
�� ¼

V

�0

@f

@T

� �
y, �L

ð44Þ

The quantity f (see Eq. (32)) depends on temperature via �(T). Equation (44) takes the
form:

�S ¼
V

�0

@f

@y

� �
@y

@�

� �� �
�L

@�

@T

� �
y, �L

ð45Þ

FIGURE 8 Variation in the chemical potential of water molecules �L per volume vo, due to the work done
by the pressure in field-free conditions, as a function of the pressure �.
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From the latter Eq. (45) it is possible to derive the expression �Q¼T�S for the heat
absorbed by a dielectric substance during a change in the electric field at a constant
temperature:

�Q ¼
TV

�0

@f

@y

� �
@y

@�

� �� �
�L

@�

@T

� �
y, �L

ð46Þ

Figure 9 shows �Q as a function of the reduced distance x. In the insert to Fig. 9 two
extremes are seen in the plot of �Q(x) at about x� 2.2 Å. We shall see in the following
Subsection 2.5 that this anomaly is related to the phase transition. If ð@�=@TÞy, �L < 0,
which is usually the case, we have �Q<0 and �S<0. Thus, heat is evolved by the
dielectric and given off to the heat bath. At the same time the entropy decreases, due
to the ordering of the directions of the dipoles of H2O molecules in the system by
the field. The release of heat by the dielectric as a consequence of a change in the
applied field in isothermal conditions is called the isothermal electrocaloric effect. The
heat due to this effect will be found from Eq. (46). The product of the derivatives:

@f

@y

� �
@y

@�

� �� �
�L

ð47Þ

in known from Eqs. (37) and (38). The derivative ð@�=@TÞy, �L is calculated from Eq. (28).
Locally, neither the derivative @�=@T nor � itself are known from experiment. Hence,
they are accessible only from a theoretical approach.

FIGURE 9 Heat �Q released as a result of the isothermal electrocaloric effect (Eq. (46)) in water as a
function of the reduced distance x from the ion. Insert reproduces a part of the plot on an expanded scale. In
the insert there are apparent two extremes about the value of the argument x� 2.2 Å.
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2.5 Phase Transition in H2O Induced by Electrostriction Pressure �

By definition, a first-order phase transition is characterized by a finite discontinuity in
the first derivative of the thermodynamic potential. Here, this is the grand potential �
(cf. Eq. (31)). Hence, one could expect discontinuities in the electric field strength,
entropy and the number N of molecules in a fixed volume V:

E ¼
1

V

@�

@y

� �
V, �L,T

, �S ¼
@�

@T

� �
V , �L, y

, �N ¼
@�

@�L

� �
V , y,T

: ð48Þ

We shall now check if this is the case.
The variable responsible for the transition is the electrostriction pressure �, related

to the remaining state variables by Eq. (43). The relation E¼E(�) found from
Eq. (43) is shown in Fig. 10. The plot shows that an electric field strength discontinuity
occurs at �t¼ 0.208GPa (�0.21GPa), where the subscript t stands for transition. The
range of the discontinuity (Fig. 10) is 0.77<E<1.36 (109Vm�1). In other words, an
increase in the electric field strength E from 0.77 to 1.36 (109Vm�1) does not change
the value of the electrostriction pressure �. At �t and at a value of E comprised in
this range two phases coexist.

From Eqs. (43) and (45) the dependence of entropy change ��S(�) on � has been
obtained and plotted in Fig. 11. A discontinuity in entropy at �t¼ 0.21GPa is
seen. The range of this discontinuity is: 0.97<|�S|<1.9 (Jmole�1K�1), and it is
accompanied by a latent heat of � 277 Jmole�1. On increasing � from a value equal
to atmospheric pressure up to 0.1GPa (E¼ 0.4� 109Vm�1), the entropy of the
system of dipoles decreases due to the process of orientational ordering of the dipoles.
On the further increase of � up to the value �t¼ 0.21GPa, the entropy increases: the
lowering of entropy due to the process of orientational ordering of the dipoles is over-
whelmed by its increase. At �¼�t one can notice a discontinuous increase in the
entropy due to the coexistence of two phases. On further increasing �>�t the entropy
of a newly created phase decreases.

FIGURE 10 Electric field strength E(�) as a function of the electrostriction pressure. The numbers in the
brackets mark the coordinates (�, E ) of the lower and upper limits of the discontinuity at the transition value
�t of the electrostriction pressure.

WATER IN OPEN SYSTEMS 17

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
4
8
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



It is important to note that the value of �t¼ 0.21GPa corresponds neither to
water ! ice VI nor ice VI! ice VII transitions under external pressure. In Fig. 12,
along the line marked d, the d(P) points are shown corresponding to the values of
the pressure �¼Pi found with the help of Eq. (43) from the experimental data of
[46–48]. Between parts of the line with dense points two gaps are seen corresponding
to water! ice VI (marked by 1, at 1GPa) and ice VI! ice VII (marked by 2, at
2GPa) transitions under pressures applied in no field (E¼ 0). They are far from the
discontinuity in �¼ �(�t) characteristic of the phase transition found in [16,44].
Hence, the discontinuous phase transition described above is not an artifact resulting
from the use of the input data.

For the transition at �t¼ 0.21GPa the third quantity in Eq. (48), namely
�N ¼ ð@�=@�LÞ, shows no discontinuity, and hence there is no change in the

FIGURE 12 Relative mass density d(P) as a function of pressure and permittivity �(�) as a function of
electrostriction pressure. Discontinuity in permittivity � is marked by an arrow, numbers 1 and 2 mark the
water ! ice VI and ice VI! ice VII transitions, respectively. The points at the line marked d represent the
input data based on the experiment [46–48] (see text).

FIGURE 11 Change in entropy ��S(�) as a function of the electrostriction pressure. The numbers in the
brackets mark the coordinates (�, ��S ) of the lower and upper limits of the discontinuity at the transition
value �t of the electrostriction pressure.
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specific volume at the transition. This is not an unknown feature in H2O systems: the
transition ice VII! ice VIII shows no change in the molar volume: �v¼ 0.000	
0.0005 cm3mole�1 (cf. [39], Table 3.6 therein). The latent heat accompanying the
transition described in this work: 277 Jmole�1 is of a comparable order to that found
for the transition ice VII! ice VIII which amounts to �Q� 1 kJmole�1.

3. COMPARISON WITH EXPERIMENT

3.1 An Overall Picture of Water in Electric Field E>10
8
V/m

Figure 13 shows an overall picture of the properties of water emerging from the present
calculations, which shall serve to the aim of comparing our predictions with experi-
mental data found in literature. The independent variable in Fig. 13 is x, a quantity
related to the electric field strength E (Eq. (9)). This quantity is suitable for discussion
of the properties of the hydration shells of ions. The additional abscissa axes are drawn
for the surface charge density �0, also related to E (Eq. (7)), and the field strength E
itself. The variable �0 is suitable for a discussion of the properties of a double layer.

By comparing Figs. 7 and 8 and taking into account Eq. (41) as well as our assump-
tion vi¼ v(Pi), written now as vðPiÞ=vo ¼ vi=voð¼ d�1Þ, one arrives at a relation (plotted
in Fig. 13) between d�1 and the field strength E. The predicted values of relative
volume, d�1(x), in the range 1<x<4 (Å) (0.011<E<6.482 (1010Vm�1)), follow a

FIGURE 13 Relative volume d�1 (left-hand scale, solid line) and mean cosine hcos �i of the angle � (right-
hand scale, dashed line) as a function of the reduced distance x. The triangles (�) correspond to the density
values of H2O in the first layer of molecules at the electrode found experimentally in [4]. The diamond (^)
corresponds to the density value in the second layer of molecules (cf. [17]). Two vertical dashed lines are
plotted which divide the plot into parts belonging to phases A and B. Between the dashed lines phases A and B
coexist. The reduced radii of the first hydration shells of Liþ and cations doubly, triply and more times
charged with the elementary charge fall into the range of the area A. The reduced radii of the second shells
of these cations and those of the first shells of singly charged ions fall into the range of the area B.
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line. It is characterized by a steep rise of d�1(x) with growing x, followed by a plateau,

d�1(x)¼ 1, at x>2.217 Å. At the plateau no distinction can be made between the rela-
tive volume of water in the electric field and that of bulk water. The values of hcos �i
reveal also a plateau at unity, however for x<2.154 Å, and subsequently decrease
for x>2.217 Å. The data plotted in Fig. 13 can be divided into two distinct sets
corresponding to two areas: A and B, formed due to a division of the plot by two
dashed vertical lines at x¼ 2.154 and 2.217 Å (see also Table I for the corresponding
value of E and �0). For field strengths falling between these two dashed lines the two
phases A and B coexist. To the left of these lines, in high fields of strength
E>1.36� 109Vm�1 one finds the phase A which is dense (d�1<1) and orientationally
ordered ðhcos �i ¼ 1Þ. To the right of these lines, in relatively weaker fields
E<0.77� 109Vm�1 one encounters the phase B of water with only a weak orienta-
tional order ðhcos �i < 1Þ and normal density (d�1

¼ 1).
In Fig. 13, one can note no traces of compressed H2O (d�1<1) for x>2.217 Å;

apparently, formation of the phase A is blocked in this range. The value of the electric
field such that the energy of H2O dipole moment in this field equals the hydrogen bond
energy WHB (cf. [12]) is E¼ 0.29� 1010 Vm�1, the permittivity in this field is �¼ 11.6,
and x¼ 2.064 Å. The latter value of x lies very close to x¼ 2.217 Å at about which
d�1 begins to drop. One can hypothesize that the structure of untouched hydrogen
bonds blocks the pull of additional dipoles into the field up to a threshold value of
the energy of dipoles in the field. If the energy of dipoles in the field E approaches
WHB, the threshold of a possible breaking of hydrogen bonds is attained, the dipoles
become parallel to the field direction ðhcos �i ¼ 1 for x<2.154 Å, Fig. 13) and the
blocking of the pull of dipoles into the field is removed.

To pass across a phase transition due to the electrostriction pressure �t one should
essentially vary electric field strength E in a continuous way. It is feasible by a gradual
charging of an electrode immersed in an electrolyte (cf., e.g., the X-ray scattering experi-
ments [2,4,5]. A rich series of experimental results can be found in literature on hydra-
tion shells of various ions. The fields acting on their hydration shells are
E<0.77� 109Vm�1 (x>2.217 Å) as well as E>1.36� 109Vm�1 (x<2.154 Å).
Hence, the comparison of our predictions with experiment will be performed first for
the Helmholtz layer and subsequently for hydration shells of ions. We argue that the
phase (A) of H2O compressed and with complete orientational order can represent
a layer (close to a monomolecular layer) at an electrode [2], or portions of a phase
dispersed in the space in the form of hydration shells of ions.

3.2 The Helmholtz Layer

The earlier publications reporting synchrotron X-ray scattering experiments on double
layers at electrodes [4,5] provided results for two discrete field values only (cf. [6]), and
later still one value has been deduced [17] from these data, see Fig. 13. How much water
is compressed in the field? The ratio d�1

¼ vi/vo

d�1 ¼
vi

vo
¼

	o

	i
ð49Þ

of specific volumes in the field and outside the field, respectively, is a function of the
surface charge density �o.
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3.2.1 Comparison with X-ray Surface Scattering Studies

The two triangles (�) in Fig. 13 correspond to H2O densities in the first layers of mol-
ecules at the electrode [4]: one for the surface charge density |�0|¼ 0.1Cm�2

(E¼ 11.3� 109Vm�1), the other one for |�0|¼ 0.25Cm�2 (E¼ 28.2� 109Vm�1).
Both belong to the compressed phase A of H2O (d�1<1) with complete orientational
order ðhcos �i ¼ 1Þ. For |�0|¼ 0.25Cm�2 also the second layer of H2O molecules
belongs to phase A (cf. Table I in [17]). This is represented by a diamond (^) (at
E¼ 7� 109Vm�1) in Fig. 13. The two experimental points marked by triangles (�)
lie only slightly out the full line (d�1(�0)). References [4,5] showed only the
presence of a dense phase, but did not indicate a phase transition yet. Phase
transitions were reported ‘‘under the extremely high interfacial electric field
(� 109V/m)’’ in [2]. This very field strength value lies between the two dashed
lines (shown in Fig. 13) positioned at E¼ 1.36� 109Vm�1 and E=0.77� 109Vm�1

(see Table I for the corresponding values of �0), a range said above to reveal a coexis-
tence of phase B and A.

3.2.2 Thermal Effect at the Transition

Yet another study concerned the mercury–aqueous electrolyte interface. By laser
temperature jump method at 20
C thermal phenomena have been observed [45,50]
which were interpreted by the authors as accompanying a phase transition. In
a field of strength 109Vm�1, from the data and equations given in [45], we have
calculated a change in entropy S of 4.2 Jmole�1K�1, a quantity of the same order
of magnitude as that seen in Fig. 11 near �t – the transition value of electrostriction
pressure. In our Fig. 11, a discontinuity in entropy is seen thanks to the fact that
it shows the entropy as a function of electrostriction pressure � and not the charge
surface density at the electrode, as in [45]. Hence, according to our approach,
one encounters here a latent heat of a discontinuous transition. Note that if the entropy
were plotted as a function of E, its discontinuous character at the transition would not be
apparent (cf. Fig. 14), since the field E itself (treated as a thermodynamic variable)
also experiences a jump at the same point as the entropy.

FIGURE 14 Entropy change ��S as a function of the electric field strength E.
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3.2.3 Comparison with Photoacoustic Studies

As already mentioned, Kasinski et al. [1] demonstrated, by surface transients grating
spectroscopy, the phase change to a rigid (solid) H2O layer at the highly polar TiO2–
aqueous electrolyte interface. They estimated that ‘‘in the presence of a 1 eV liquid junc-
tion, the surface charge is of the order of 1014/cm2’’. It means about one elementary
charge per nm2, or � 0.16Cm�2, which, according to our approach (cf. [17], Table I
therein), fully corresponds to the conditions needed for obtaining (solid) layers of rela-
tive density � 1.8. On the other hand, Harata et al. [3] assumed a density of 1.56 g cm�3

(d�1
¼ 0.64) to explain the results of their transient reflection grating photoacoustic

experiments at gold–aqueous acidic solutions interfaces. These data to the reported
accuracy agree quantitatively with the predictions made on the basis of the approach
reported in this work.

3.3 Hydration Shells of Ions

Now, we shall apply our knowledge on the phases of H2O in high electric field to
interpretation of the literature data concerning the hydration shells of ions [51–53].
Along the lines of our approach, for instance, a solution can be suggested of the prob-
lem of anomalous hydration of the Sr2þ ion [16,54]. The steep variations (Fig. 13) of
d�1(x) and hcos �i point out that water in the vicinity of an ion is very inhomogeneous.
Consequently, the first and second hydration shells show marked differences in density
and permittivity. We argue that our approach draws a picture consistent with what can
be deduced from the neutron diffraction isotopic substitution experiments [55,56]. The
first shells of the ion Liþ, and cations doubly (maybe with a few exceptions: Ca2þ,
Hg2þ, Sr2þ), triply and more times charged with the elementary charge reside in
phase A, since the reduced radii of the first hydration shells of these cations fulfill
the inequality x1<2.154 Å. The second shell with x2>2.217 Å has been observed
about most of them. The values of water density in the first shells of many ions were
calculated in [7] and are given in Tables III–VI, whereas Table II contains our newly
calculated data for quadruply charged ions. In literature one encounters coordination
numbers h1 [51,52,57]. The latter can be obtained from our density data with the
help of the volumes of hydration shells given by Hahn [58]. From Fig. 4(a) therein
the values of the volume of the first hydration sphere (in cm3 per mole) of the ions
(as a function of the ion radius Rc) have been read out and expressed as v1 (in Å3

per cation). The volumes v1 given in Tables III–VI follow from the parabolic fits to
the data given in [58] (cf. also [7]). The volumes v1 of tetravalent cations (Table II)

TABLE II Properties of the first hydration shells of ions – case of quadruply charged cations. x1 – reduced
radius (in Å) after [51,52,55], �1 – permittivity (Eq. (22)), v1 – volume (in Å3 after [7,58], see text), 	1 – mass
density (in g cm�3), � – local electrotriction pressure (in GPa), hc1 – coordination number (calculated applying
our method in [7]), hr1 – coordination number (taken from literature), X, ND – X-ray and neutron diffraction,
respectively, MD – molecular dynamics, MC – Monte Carlo

Ion x1 �1 v1 	1 � hc1 hr1 Method Ref.

Pu4þ 1.195 2.46 80.7 2.37 32 6.4 [68]
Np4þ 1.2 2.47 82.15 2.32 29 6.3 [68]

U4þ 1.25 2.58 83.6 2.19 2 6 7.9–9.2 X [53]
Th4þ 1.26 2.62 87.3 2.17 22 6.3 5–8.1 X [53]
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TABLE V Same as Table II for doubly charged ions

Ion x1 �1 v1 	1 � hc‘1 hr1 Method Ref.

Be2þ 1.18 2.46 80 2.4 32.5 6.4 4 X [55]
Cu2þ 1.40 2.91 110 1.9 12 6.9 4 X [51,55]

3.4–4.1 ND [76]
Ni2þ 1.46 3.08 120 1.85 9 7.2 6 X [51,55]

5.4–8 ND [52,77]
Co2þ 1.48 3.16 120 1.8 8 7.3 5–6.3 X [52]
Mg2þ 1.50 3.22 120 1.8 8 7.4 6–8 X [52]

6 MD [52]
Fe2þ 1.50 3.22 120 1.8 8 7.4 5.1–6 X [52]

6 ND [72]
Zn2þ 1.51 3.25 125 1.8 7.2 7.4 6 X [51,52]
Mn2þ 1.55 3.41 130 1.75 6 7.7 6 X [55]

5 ND [55]
Sn2þ 1.56 3.44 130 1.7 5.9 7.7 2.4–3.8 X [52]
Cd2þ 1.62 3.72 140 1.7 4.5 8 6.9–8.8 X [52]
Ca2þ 1.70 4.19 160 1.35 3.2 7.1 6–8 X [52]

6.4–10 ND [55,78]
9.2 MD [52]

Hg2þ 1.70 4.19 160 1.35 3.2 7.1 6 X [52,55]
Sr2þ 1.87 5.83 190 1.2 1.4 8.5 8, 7.3 X [51,79]
Sr2þ � 2.2 34.25 15	 1 ND [54]

TABLE IV Same as Table II for triply charged rare earth ions

Ion x1 �1 v1 	1 � hc‘1 hr1 Method Ref.

Yb3þ 1.34 2.77 130 2.05 15 8.9 7.8 ND [55]
Lu3þ 1.35 2.79 135 2 15 9.2 7.3–8 X [58,52,55]
Tm3þ 1.36 2.81 140 2 14 9.4 7.3–8.1 X [52,55]
Er3þ 1.37 2.83 140 2 13 9.5 7.8–8.2 X [58,55]
Dy3þ 1.38 2.87 145 2 13 9.5 7.9–8.1 X [58,55]

7.4–8 ND [55]
Tb3þ 1.39 2.89 150 1.95 12 9.7 7.5–8.2 X [58,55]
Gd3þ 1.39 2.89 150 1.9 12 9.7 7.6–9.9 X [52,55]
Eu3þ 1.41 2.94 150 1.9 11 9.6 8.3–8.6 X [74,55]
Sm3þ 1.43 2.99 160 1.85 10 10 8.8–9.9 X [74,52,55]
Nd3þ 1.45 3.05 165 1.85 9.5 10 8.9–9.5 X [75,55]

8.5 ND [55]
Pr3þ 1.47 3.12 170 1.85 8.8 10.5 9.2–9 X [75,55]
La3þ 1.49 3.19 180 1.8 8 10.9 9–9.1 X [75,55]

TABLE III Same as Table II for triply charged cations

Ion x1 �1 v1 	1 � hc‘1 hr1 Method Ref.

Al3þ 1.10 2.34 83 2.7 49 7.4 6 X [51,52,55]
Ga3þ 1.13 2.39 86 2.6 42 7.4 6 X [69]
Cr3þ 1.15 2.41 90 2.4 38 7.35 6 X [51,52,55,69]

ND [70,71]
Fe3þ 1.17 2.44 94 2.4 34 7.45 6 X [51,52]

ND [72]
Rh3þ 1.18 2.46 95 2.4 33 7.4 6–6.3 X [52,55,69,73]
In3þ 1.25 2.58 110 2.2 23 7.9 6 X [55]
Tl3þ 1.29 2.67 120 2.1 19 8.4 6 X [55]
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have been calculated according to Eq. (21) in [58] on applying the Pauling radii. The
coordination numbers h1 have been calculated according to the formula:

h1 ¼
	1v1
M

, ð50Þ

where M is the mass of a water molecule. Our calculated values of the coordination
numbers h1 are compared with those in literature (Tables II–VI). The reduced radii
of the second shells of these cations are such that the water at these distances belongs
to phase B. The properties of their second shells are shown in Fig. 13: d�1

¼ 1, as in the
bulk water with no applied field, and hcos �i < 0:98 (�>38). The first shells of mono-
valent cations, except Liþ, and the first shells of anions: F�, Cl�, Br�, and I� (formed at
reduced distances x>2.217 Å, cf. [12], Table II therein) belong also to phase B. Water
in their shells is not compressed. On the basis of the thermodynamic calculations only
one cannot judge whether H2O in phase A compressed by the field is fluid or solid.
Although the complete directional ordering of the dipoles is known, one does not
know which space structure they form. A theoretical hint could follow a possible calcu-
lation of the stiffness of this phase, and the experimental evidence collected so far [1,2]
speaks in favor of a solid.

3.3.1 Comparison with the Neutron Scattering Studies

Figure 15 presents the isotherm �(x) at 298K as a function of the reduced distance x
from the center of an ion. In the plot of �¼�(x) in Fig. 15, the discontinuity in the
electric field strength is extended over the range 2.154< x<2.217 Å. The plots of
the relations �¼�(x) are steeper for x<2.154 Å than for x>2.217 Å. For x>
2.217 Å one finds phase B whereas for x<2.154 Å one encounters phase A. In
addition to the x discontinuity, the change in the slope of the isotherm plotted in
Fig. 15 is interpreted as testifying to a phase transition: phase A!phase B under
the electrostriction pressure �t¼ 0.21GPa. It will be argued that the discontinuity of

TABLE VI Same as Table II for singly charged cations

Ion x1 �1 v1 	1 � hc‘1 hr1 Method Ref.

Liþ 1.95 7.29 110 1.2 0.75 4.4 4 X [55]
5.5–6 ND [55,80]
6 MD [52,80]
4–5.3 MC [80]

Naþ 2.40 56.7 160 1.0 � 10�4 5.3 5–6 X [55]
4.9–6 ND [55,80]
6–7 MD [52]
4.3–6 MC [80]

Agþ 2.40 56.7 160 1.0 � 10�4 5.3 2–4 X [52]
3.7–4.1 ND [55,80]

Kþ 2.70 68.6 180 1.0 � 10�4 6.1 6; 4 X [52,55]
3.9–8 ND [80, 52]
6.6–7.6 MD [52,80]
5.1–7.5 MC [80]

Rbþ 2.89 72.8 190 1.0 � 10�4 6.5 5.6 X [81,82]
Csþ 3.15 75.6 205 1.0 � 10�4 6.8 3–8 X [52,55]

7–7.9 MD [52]
Tlþ 3.20 76.1 205 1.0 � 10�4 6.9 4 X [55]
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the transition which allows for a whole range of x to correspond to the transition value
�t of the electrostriction pressure explains the destroyed hydration structure phenom-
enon of Sr2þ ion ([59] and references cited therein). The calculated properties of the
phases A and B are in our opinion also consistent with the known results of neutron
scattering studies of other ions in D2O solution. Marcus [52] has indicated the
following additivity relation between the distance ion-water (r1, equal to the radius
of the first hydration shell) and the ionic radius Rc, as well as the radius of a water
molecule (Rwater� 1.4 Å): r1¼RcþRwater. Hence, the corresponding reduced distance

x1 ¼ ðRc þ RwaterÞ=
ffiffiffiffi
Z

p
: ð51Þ

3.3.1.1 First Hydration Shells of Ions in Neutron Scattering Studies Figure 16 shows
the total RDF’s GNi(x) and GMg(x) (Ni2þ is isomorphic with Mg2þ in aqueous solution)
typical of cations with the reduced radii x1 of the first hydration shells x1<2.154 Å. The

FIGURE 15 Electrostriction pressure �(x) as a function of the reduced distance x from the centre of the
ion. The arrow marks the transition value �t of the electrostriction pressure.

FIGURE 16 Total cation (Ni2þ, Mg2þ) distribution functions GNi(x) and GMg(x) (in units barn sr�1); after
[59]. Ni2þ is isomorphic with Mg2þ in D2O solution.
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first of the two sharp peaks in the plot of GNi(x) is attributed to the distance Ni–O
(cation-oxygen of heavy water molecule), the other one – to Ni–D. Such a shape
of the function Gcation(x) follows the well-defined hydration structures in solution.
The additivity relation (Eq. (51)) holds for such ions. Ni2þ and Mg2þ form fairly
well-defined long-lived [59] hydration structure in solutions. This characteristics of
the well-defined hydration structures [59] (first hydration shell), learned from the
experimental RDF’s, is consistent with the characteristics of phase A. The calculated
densities of the hydration shells can be expressed in terms of the coordination numbers
of specific ions which are given in Tables II–VI and are compared with literature data.
We conclude that the concept of the phase A of water, dense and orientationally
ordered in a field, is not in conflict with the known data.

3.3.1.2 Behavior of a Hydration Shell at the Phase Transition: Destroyed Hydration
Structure of the Sr2þ Ion The lack of resolved two peak structure in the RDF of
hydration shells of ions together with the accompanying lack of additivity of the ion
and H2O radii (violation of Eq. (51)) has been found in the shell of Ni2þ ion at
573K and called the destroyed hydration structure [37,60]. An RDF showing the
destroyed hydration structure characteristics had been obtained earlier in [54] by the
neutron scattering method for the Sr2þ ions at ambient conditions (see Fig. 17),
although at the time the term ‘‘destroyed hydration structure’’ was not coined yet.
The radial distribution function GSr(x) about the Sr2þ ions is characterized by
a single broad peak centered at x¼ 2.23 Å. This value does not fulfill Eq. (51), which
indicates a lack of additivity of ionic and molecular radii. The discontinuity in x
(2.154<x<2.217 (Å)) at �t falls entirely within a broader range of x values under
the single broad peak of the neutron scattering RDF GSr(x) (Fig. 17). Let us recall
that in our description the state of H2O in the hydration shell is defined by the state
variables T, �, x. To each value of � on the 298K isotherm �(x) in Fig. 15 there
corresponds a given x value except for �t, at which x takes any value from the range
2.154<x<2.217 (Å). We proposed [16] an interpretation of the apparently hitherto
unexplained peculiar character of the neutron scattering RDF called the destroyed
hydration structure: RDF smearing and lack of additivity of ionic and water radii.
According to this interpretation, it can be a consequence of a discontinuity in x at
the phase transition point. In such a case water in the neighborhood of the ion is in

FIGURE 17 Total cation (Sr2þ) distribution function GSr(x) (in units barn sr�1); after [59].
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the state determined by �t and a water molecule can choose any possible value of the
reduced radius x from the above mentioned range (Fig. 15). Hence, there is no specific
unique value of xt corresponding to �t, but any x value in the range is acceptable. H2O
molecules in this state can statistically take positions at different distances from the ion.
This statistical freedom of taking different distances results in the effect called the
destroyed hydration structure: the peaks in RDF attributed to oxygen and deuterium
are broadened and shifted so as to give a common broad peak with a maximum not
fulfilling the criterion given by Eq. (51).

3.3.1.3 Shells of Weakly Hydrated Ions in Neutron Scattering Studies The compara-
ble data for Kþ are shown in Fig. 18. The reduced radius of its first hydration shell
is x1>2.217 Å. The RDF GK(x) is characterized by a single maximum [59], whose
position is close to the reduced distance x1¼ 2.8 Å, obtained from Eq. (51). From
Table XIII in [52], it follows that other ions bearing single elementary charges (for
which x1>2.217 Å) fulfill Eq. (51) also. The absence of two clearly resolved peaks in
GK(x) is a clear evidence that Kþ is weakly hydrated. This characteristics of weakly
hydrated ions [59] read from GK(x) is consistent with the characteristics of phase B
following from our approach: hcos �i <1, �> 38 (which means a lack of a full orienta-
tional order), and no remarkable compression: d! 1. Again, the concept of phase B –
a weakly ordered liquid water phase – is not in conflict with the previous knowledge.

3.3.2 The Dynamic Hydration of Ions

The hydration of ions is in general described by the number h1 of water molecules in the
first hydration shells and their number h2 in the second hydration shells. The sum:

h ¼ h1 þ h2 ð52Þ

is called the dynamic hydration number [61]. Volumes v1 and v2 per water molecule in
the first and second hydration shells, respectively, vs crystallographic radius Rc for
trivalent lanthanide ions have been investigated by David and Fourest [61] through
transport properties using radiochemical methods. From the Rc, h1, h2, v1, and v2

FIGURE 18 Total cation (Kþ) distribution function GK(x) (in units barn sr�1): after [59].
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data of [61] Tables I and II therein) we calculate the mean value hd �1ih – mean specific
volume per water molecule in both the first and second hydration shells:

hd �1ih ¼
h1ðd

�1Þ1 þ h2ðd
�1Þ2

h1 þ h2
ð53Þ

where

ðd �1Þ1 ¼
v1

vo
and ðd �1Þ2 ¼

v2

vo
: ð54Þ

The volume per water molecule in the bulk is vo¼ 30 Å3. The quantity hd�1ih calculated
with the help of Eq. (53) from the data obtained by David and Fourest [61]) is shown in
Fig. 19 (line marked �). For the sake of comparison, yet another plot of the quantity
hd�1ih has been given therein (line marked �). The latter line presents the data calcu-
lated also with the help of Eq. (53), but with the quantities (d�1)1 and (d�1)2 obtained
according to the method presented in this work (with v1 given in Table II and v2¼ vo).
Our calculated values of (d�1)1 (line marked 
) are lower, and our calculated values of
(d�1)2 (line marked œ) are higher than the corresponding data by David and Fourest
[61] (not shown). Nevertheless, the relative difference between the hd �1ih values
obtained with these two completely different methods (that of [61]� and the present
one �) is small and amounts to about 2%. The authors of [61] have written that
their ‘‘calculations have been adjusted. . .to fit the experimental data’’ [61]. Let us
remind once again that our approach contains no adjustable parameters. Anyway,
from the numerical agreement between the results of the aforementioned theoretical
calculations (this work) on the one hand, and the experimental [61] data on the other
hand, we draw the conclusion that our method leads to correct values of H2O density
in the dynamical hydration shells of lanthanides.

FIGURE 19 Variaiton of the relative volume d�1of H2O in the primary 
 (d�1)1 and secondary œ (d�1)2
hydration shells vs crystallographic radius Rc for trivalent lanthanide ions. Plot of the quantity hd �1

ih has
been given (line with data marked �). The latter line presents the data calculated with the help of Eq. (53),
with the quantities (d�1)1 
 and (d�1)2 œ obtained with the method presented in this work. For the sake of
comparison, yet another quantity hd �1

ih calculated with the help of Eq. (53) but from the data obtained by
David and Fourest [61] is shown (line with data marked �).
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3.4 Protein Hydration in Solution

Characterization of the physical properties of protein surface hydration water is a
subject of current interest (cf. [8,62] and references therein). Three proteins: chicken
egg white lysozyme, thioredoxine reductase from Escherichia coli, and ribonucleotide
reductase protein R1 of E. coli, were investigated by Svergun et al. [8] in parallel by
X-ray and neutron scattering in H2O and D2O solutions. They noted that ‘‘the scatter-
ing density in the border layer was typically 1.05–1.25 times that of the bulk, suggesting
that the hydration shell around proteins is denser than the bulk solvent’’. Within the
framework of the theory presented in this work, we are able to relate the density of
water of the hydration shells around proteins with the electric field on the surface of
the protein. The authors of [62] have found that the strength of the field is correlated
with the H2O density over the most highly populated field values, with higher field
strength accompanying higher density. These highly populated field values given in
[62] are related to the surface charge density � values (0.005–0.03 q Å�2), representing
the source of the electric displacement vector �E, and are useful for comparison of
the results obtained by means of our approach with these by Svergun et al. [8]. In
Figs. 20 and 21 is plotted the relation d¼ d(�), following from the equation:

V

�o

@

@�

Z y

0

�

�
d � 1�

1

�

� �� �� �
@�

@N

� �
T ,V, �

¼

Z Pi

1atm

@V

@N
dP ð55Þ

being another form of Eq. (43) with each value of the quantity d read from the empirical
isotherm [46–48] for the corresponding value of Pi; � is a state parameter in this equa-
tion of state. Since in [8] 1.05<d<1.25, our values of �: 0.282<�<0.351 (Cm�2)

FIGURE 20 The relative mass density d(�) values as a function of the surface charge density �. On the
abscissa there are marked the values of � corresponding to the limits of the ‘‘highly populated field values’’ in
the hydration layer of a protein molecule [62]: 0.08 and 0.48Cm�2 and on the ordinates – the limits of the
values of d, 1.05–1.25, found in [8]. The values of the abscissa 0.282<�<0.351 (Cm�2) calculated with the
help of this curve (cf. Table VII) fall within the range 0.08<�<0.48 (Cm�2) corresponding to those ‘‘highly
populated field values’’ [62].
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(cf. Table VII and Fig. 20), calculated on the basis of these data (e.g., with the help of
Fig. 22), are situated within the range 0.08<�<0.48Cm�2 corresponding to those
‘‘highly populated field values’’ given in [62]. Hence, the values of the electric field E
calculated in this work on the basis of the values of the density of water in the hydration
shell around proteins found in [8] are reasonable.

In Eq. (55) there appears only the square of the � value (�2) (or, equivalently, the
square of the value of the electric field strength E2). These values are scalar quantities.
Hence, our results are completely insensitive to the direction of the field.

Table VII presents some literature data as well as several physical quantities found
by means of our phenomenological theory for selected values of E (or, equivalently,
�). The authors of [62] (cf. p. 5381 therein) have raised a question: which aspects
of the protein surface determine the water density variations. Their calculations
showed no clear relationship between the hydration shell water density and the
chemical characteristics of the surface atoms or residues, for instance, hydrophobic/
hydrophilic. However, groups with net charges, have the density increased in their
neighborhood. The results collected in Table VII seem to suggest the possibility
that in explaining the dense hydration shells of protein molecules on the basis of the
condition of thermodynamic equilibrium the presence of electrostatic interactions
plays an essential role.

FIGURE 21 Points marking the relative mass density d(�) values as a function of the surface charge density
�. Three fitting polynomials in three separate ranges of the independent variable � are written. d¼ 1 in the
range 0� �� 0.24125 (Cm�2). A fitting polynomial of the 4th order in � belongs to the range
0.24125� �� 0.6865 (Cm�2) and yet another one – to the range 0.6861� �� 1.5 (Cm�2).

TABLE VII Permittivity �, relative density d and surface charge density � for
several values of electric field E at the surface of the proteins

� [q/Å2] 0.005 [62] 0.018 0.022 0.03 [62]
� [C/m2] 0.08 0.282 0.351 0.48
E [109V/m] 0.11 1.82 6.20 14.86
� 80.1 17.48 6.4 3.75
d 1 1.05 [8] 1.25 [8] 1.685
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4. REMARKS ON THE METHOD

We shall discuss the statistical calculation of average quantities as applied to the case of
water layers at charged electrodes, hydrated ions and large protein molecules. Strong
electric fields generated by the charges of the ions decay rapidly with the radial distance
into water according to the Coulomb law. As a consequence, the molecules within the
first hydration shells are in the fields of a considerably higher strength than those out-
side them. In this way the first hydration shells about the ions are distinguished in
respect to the field from the whole electrolyte. Taken together, the first shells form a
subsystem of molecules in the same physical conditions, although they do not have a
common macroscopic boundary. The chemical potentials of various parts of the
system in equilibrium, including the set of the first hydration shells, the sets of the
further more or less well defined shells, and the rest in zero field, are equal. The subsys-
tem of the first shells of ions of one kind forms a macroscopically large ensemble of
molecules in the same physical conditions and thus can be subjected to the procedure
of statistical averaging leading to values of their thermodynamic parameters.
Although dispersed in space, the set of the hydration shells can be treated in much
the same way as a layer of molecular thickness in the theory of electrolytes at an elec-
trode discussed in the current work and in [6,63]. Thus, one can derive thermodynamic
quantities concerning the dispersed in space, but otherwise macroscopic, set of hydra-
tion shells of ions by statistical methods, as done throughout this paper. Another point
is the applicability of the Onsager field approximation, frequently conceived after pop-
ular textbooks as forming a part of the continuum theory [64], to discrete microscopic
systems such as those considered here. Note in this context that this approximation in
the statistical calculations appears in the literature of atomically discrete dielectric
and magnetic systems, to mention only [24–26]. Let us still mention that the electric
field strength E occurring in the current work represents a thermodynamic variable

FIGURE 22 Points marking the values of the surface charge density �(d ) as a function of the relative mass
density d. For d¼ 1, � takes the values in the range 0� �� 0.24125 (Cm�2). For 1� d� 1.95 a fitting poly-
nomial of the 4th order in d is written. For 1.95� d� 3.50 yet another polynomial of the 4th order in d has
been fitted to the �(d) relation.
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stemming from the statistical mechanics calculations based on our model assumptions
in the Onsager approximation.

5. SOME PERSPECTIVES

According to Harata et al. [65] picosecond ultrasonics based on transient grating mea-
surement can be applied in investigation of double layers at electrodes and ‘‘molecules
at an electrode are expected to form a highly ordered layer that is stiffer than the bulk’’.
This opens, in addition to the mainly structural findings of new phases by Chu et al. [2]
by X-ray scattering, new possibilities of investigation of their mechanical, thermal and
optical properties, both experimental and theoretical. Methods similar to those
reviewed and applied in this paper might find applications to some problems encoun-
tered in treating biological membranes [66], where one also has to do with strong
electric fields of strengths comparable to those acting on water in conditions
considered here.

6. CONCLUSION

We have presented a theoretical evidence of a phase transition in H2O at ambient
conditions in a local field of strength taking the values in the range 0.77<E<1.36
(109Vm�1). The experimental evidence of phase transitions in H2O in a high electric
field has been provided by Chu et al. [2]. The above E values fall well into the
range in which they observed the transitions at the RuO2 highly polar surface by
synchrotron radiation X-ray scattering methods. Also, these values fall very close to
the field acting on the water molecules lying at the maximum of RDF in the hydration
shell of the Sr2þ ion, which enabled us to provide a tentative explanation of its peculiar
properties revealed by neutron scattering [54]. The synchrotron X-ray experiments [2]
were most essential in revealing the phase transition of H2O in high electric field.
They are corroborated by other measurements of physical quantities related to the tran-
sition to a dense phase in the field: high density [4], high mechanical stiffness deduced
from sound velocity [1], and thermal effects related to the transition [45,50]. One should
add the recently discussed dense hydration shells in the vicinity of protein molecules in
water solutions showing local densities markedly exceeding that of the bulk water [8]
and attributed to the same electrostriction effects [67]. All these very different experi-
ments are quantitatively accounted for by the theoretical approach reported here.

The fact that such a relatively simple approach applied here leads to a number of
phenomena at quantitatively correctly predicted physical conditions may be attributed,
in our opinion, to two main ingredients. Firstly, the dielectric behavior (permittivity) of
water, thought as a hydrogen-bonded substance, is correctly accounted for by
applying a simple statistical model, which previously proved its usefulness in
describing hydrogen-bonded liquids [12]. Secondly, the striction properties of water
are treated realistically by using the compressibility isotherms for H2O under high
pressure (105 Pa to about 100GPa) in no field [46–48], together with an ad hoc hypoth-
esis (checked a posteriori to be true with a very good accuracy [6]), saying that they
are only negligibly affected by the field. The immediate application of the latter
experimental data at the level of thermodynamic relations permits avoidance of the
use of adjustable parameters.
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NOMENCLATURE

A ¼ quantity defined by Eq. (21)

A ¼ compressed phase of H2O with complete orientational order induced by

the field

B ¼ quantity defined by Eq. (16)

B ¼ phase of H2O with no remarkable compression and with incomplete

orientational order induced by the field

b(I ) ¼ coefficient at the first term of the power series expansion of the function

defined in Eq. (11)

BI (�) ¼ function defined in Eq. (11)

c(I ) ¼ coefficient at the second term of the power series expansion of the

function defined in Eq. (11)

hcos �i ¼ the mean cosine of the angle � between the direction of the dipole

moment � of the water molecule and the direction of the electric field E

d ¼ the relative H2O density

d�1
¼ the relative H2O volume

D¼ �E ¼ electric displacement

hd �1ih ¼mean specific volume of the water molecule in the first and second

hydration sphere

Eon ¼ the Onsager local field

E ¼ the external electric field strength

g ¼ (�þ n2/2)

G(x) ¼ the radial distribution function (RDF)

h¼ h1þ h2 ¼ the dynamic hydration number

h1 (h2) ¼ number of water molecules in the first (second) hydration shell

i ¼ superscript marking the quantities inside the electric field

I ¼ number of admitted orientations of the dipole moment

L ¼ the work related to water compression in the field – the electrostriction

work

L(�) ¼Langevin function

M ¼ 3� 10�26 kg – the mass of the water molecule

No
¼ the Avogadro number

N/V ¼ number density

N ¼ number of molecules in the volume V

n ¼ refraction index

o ¼ superscript marking the quantities outside the electric field

P ¼ pressure

q ¼ elementary charge (16� 10�20 C)

r ¼ distance from the center of the ion

R ¼molar gas constant

Rc ¼ crystallographic radius of an ion

Rwater ¼ radius of the water molecule

RDF ¼ radial distribution function
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RT ¼ thermal energy (� 2.5 kJ/mole at T� 300K)

T ¼ absolute temperature

W ¼work performed by the field E by reorienting the water dipoles

WHB ¼ hydrogen bond energy

vo ¼V/No

V ¼ volume of the system, taken as equal to the molar volume of water at

ambient conditions

V¼V(P) ¼ isotherms of H2O

v1 and v2 ¼ the volumes per water molecule in the primary and secondary hydration

spheres, respectively

Vdy ¼ the increment of the polarization of the subsystem ‘‘i’’

x ¼ reduced radius x¼ r� |Z|�1/2

x1 and x2 ¼ the reduced radii of the primary and secondary hydration spheres,

respectively

Z ¼ number of excess elementary charges of an ion (valence)

�p ¼ thermal expansion coefficient

� ¼ quantity defined by Eq. (29)

�Q ¼ electrocaloric effect

� ¼ permittivity

� ¼ chemical potential

�i ¼ chemical potential inside the electric field

�o ¼ chemical potential outside the electric field

�L ¼ chemical potential increment related to work L done to compress water in

the field

�W ¼ chemical potential increment related to work W needed to put a molecule

from outside the field into the field

� ¼ angle between the direction of dipole moment � and the direction of the

electric field E

� ¼ dipole moment of the water molecule �¼ 6.03� 10�30 Cm

� ¼ quantity defined by Eq. (5)

� ¼ local electrostriction pressure

�t ¼ 0.2GPa – transition value of the local electrostriction pressure

	 ¼ local density of water

�0 ¼ free charge surface density

� ¼ total charge surface density

� ¼ grand potential omega
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